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1. Introduction. The numerical solution of elliptic difference equations is
still a very important problem. Indeed, the last several years have seen the
development of many new iterative methods for these problems (see [3],
[4],[5],(6]). In order to compare these methods it is necessary to estimate
the rates of convergence.

In [ 9] we obtained such estimates for certain multi-line iterative methods.
However, second thoughts on that work have led us to the following con-
clusions:

(a) While the results of [9] are all correct, there are some flaws in some
of the proofs given there. These are easily repaired by more careful argu-
ments along the same general lines as the arguments given there.

(b) The results of [ 9] are but a special case of some very general theorems
which apply to many more important problems.

In this work we give a very general (and correct) analysis of certain
aspects of this general estimation problem. This general approach enables us
to discuss Neumann problems as well as Dirichlet problems.

Most of the concepts and arguments used in this work have appeared
elsewhere in the vast literature on elliptic differential operators, finite-differ-
ence approximations to such operators, and iterative procedures for solving
elliptic difference equations. However, there is one very important new con-
cept. Namely, given a sequence of matrices { A,} which arise in these
problems we introduce the concept of a sequence of “splittings” of A, which
satisfy property B. This concept is developed in §4. As we will see in §§5, 6
and 7, many of the natural splittings of A, do satisfy property B.

In §2 we collect some basic facts from the theory of Hilbert space and the
Hilbert space approach to elliptic differential operators. §3 is devoted to the
formulation of a very general approach to discrete boundary-value problems.

In §4 we turn to iterative methods and the fundamental theorems on the
asymptotic behavior of certain eigenvalues associated with these methods.
These theorems give formulae of the form
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(1) p~1—AAxAy+ o(AxAy),

where A is the minimal eigenvalue of a variational problem associated with
the underlying elliptic operator.

§5 is devoted to a brief discussion of the earlier results of [9] and some
related problems.

In §6 we turn to a Neumann problem and give estimates for the rates of
convergence of certain iterative methods.

In §7 we consider the cyclically reduced equations studied by Hageman
[5]. We obtain a general asymptotic formula for the rates of convergence
of the multi-line iterative methods applied to these equations. As a special
case we verify the conjecture of Hageman that

(1.1) p(RJH) ~ 1 — glhz, =2

for the case of the Laplace operator in a square of side = when Dirichlet
data is prescribed.

One interesting aspect of the analysis in the case of these cyclically re-
duced equations is that we are not given the underlying differential operator
in advance. Rather, one must show that these equations correspond to the
equations which would arise in a particular finite-difference approach to a
problem concerning an elliptic differential operator.

While we have aimed at a clear, essentially independent, exposition, we
do assume that the reader is somewhat familiar with the general theory of
iterative methods for elliptic difference equations. Some of this background
material is contained in [9] and the references found there. A rather com-
plete discussion of these topics is available in Forsythe and Wasow [2],
Varga [11] and Young [12].

2. Preliminaries. Let G be a bounded domain in the (x,y)-plane bounded
by a finite number of “smooth” Jordan curves. Let L, denote the space of
real-valued measurable functions f defined on G which satisfy

2.1) T H |f)2dxdy < e,

G

The “inner product” of two functions f, g € L, is defined by

(2.1a) I

G

A sequence of functions | f,} € L, is said to converge “‘strongly” or converge
in norm if there is a function f & L, such that
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(2.2) Lim |f, — f| = 0.

A sequence of functions { f,} € L. is said to converge “weakly” to a function
feL,if

for every g € L,.
The following lemma collects some of the basic facts about convergence in
L, which we require.

LemMA 1. The space L, is complete, i.e., if {f,} €L, and | f,— fa] =0
as n and m — =, then there is a function f& L, such that |f,— f|| —0 as
n— o,

If a sequence { f,}| € L, converges strongly, then it converges weakly.

If the sequence { f,} € L, satisfies | f,| <k, for some constant k, there is a
subsequence f, which converges weakly to a function f& L,. Moreover, if
Ifol = | fl as n— =, then the sequence {f.} also converges strongly to f.

Proof. See [10].
A function f € L, is said to have a strong derivative g in the ¢-direction
(8f/0¢) if there is a sequence of functions f, & C,(G) such that
fn
ot 8
LeMMA 2. Let { f,} € L, be a sequence of functions having strong first deriva-
tives and satisfying

(2.5) D[] =H[ <%) 4 (‘;f> ]dxdy sk |fdl sk

(2.4) Ifa— £+ — 0.

G

for some constant k. Then, there is a subsequence { f,} and a function fE L,
such that

(2.6) I for — fI —0.
Moreover, the function f has strong first derivatives and
(] (2f)* ( of \*?
(2.60) DIf) —‘[ ’ [(5;) + @) dxdy < .
G

Proof. This is the Rellich selection theorem. See [1].
Consider the self-adjoint, uniformly elliptic operator
9 I

2. =040 1 049 9,9 9
(2.7 dx 6x+ax ay+ay dx aycay’
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where a(x,y), b(x,y), and ¢(x,) € C(G), i.e., are twice(?) continuously
differentiable in G, the closure of G, and satisfy

aga0>0,

2.7
(2.72) ac — b*=ay> 0,

for some positive constant a,.

A function u € L, is called a “strong” solution of Mu=f (fEL,) if u
has strong second derivatives and Mu = f a.e.

DEFINITION. The space 7 of “test” functions is the set of all functions
¢ € C.(G) having compact support in G.

DEFINITION. A function u € L, is called a “weak” solution of Mu = f,

(feLy if
(2.8) (M¢,u) = (¢,f)

for every test function ¢ € 7.

DEFINITION. The space H° C L, of functions which “vanish at the bound-
ary of G” is the set of all functions u € L, which are the strong limits of func-
tions u, & L, which are zero a.e. in some neighborhood of the boundary
dG of G. The space H} is the subspace of H® consisting of functions having
strong derivatives of order k.

REMARK. It is clear that H® is a closed subspace of L,.

LEMMA 3. If u € H® is a weak solution of Mu = f(fE L,), then u is a
strong solution of Mu = f and u is a continuous function on G.

Proof. While this result is well known to those who work in the field of
partial differential equations, there is no ready reference in which these facts
can be found in this precise form. Hence we sketch a proof.

If f(x,y) € Ci(G) then there is a solution u € Co(G) and Mu=f, u=0
on dG. Moreover, one may easily establish the estimate

Ju

du du
dx

(*) 3

+ < k|fl,

where the constant k is independent of f. Thus, we have

%u %u
axay oy =8

2
a%—i—%

where |g|| < k’| f|, for some constant k¥’ depending only on the functions
a,b,c. On applying the argument of [8, p.295] we obtain the estimate

(2) It is not essential that we have such smooth coefficients. However, it is convenient to
assume sufficient continuity to avoid the necessity of detailed arguments about fine points.
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u
dxdy

0u

(**) + o

+ = k7|IfIl -

Now, let f™ be a sequence of functions in C,(G) converging strongly to f.
Let u™ be the solution of Mu™ = f® u™ & H®. Using (*) and (**) it is
an easy matter to obtain the strong convergence of a subsequence u™’ to a
function u € H) which is a strong solution of our problem. Moreover, from
the Sobolev lemma (see [7, p.655]) u is continuous, and in fact is a uni-
form limit of the subsequence u ™. Moreover, a strong solution is certainly
a weak solution. However, in this case, the weak solution is unique (see
[7, Theorem1’, p.659]).

CoroLLARY. If u &€ L, is a weak solution of Mu = f, f& L, then u is a
strong solution of Mu = f and u is a continuous function on G.

Proof. Consider the function u; = u - ¢, where { & Z and { =1 on a com-
pact subdomain K. Then u; € H® and u, is a weak solution of Mu, = f, € L,.
Thus u; € H) and is continuous on G. However, u, = u on K. Therefore u
is continuous on every compact subset K’.

We now consider eigenvalue problems associated with the operator M. Let

(2.9) B[u]sz[a(a—uy +oop BB o y) ]dxd

ax dx dy
G

Let @ = Q(x,y) € Co(G) be a strictly positive function in G, i.e., there is
a ¢y > 0 such that

(2.10) Q@=2¢>0 inG.

We consider two eigenvalue problems.
Dirichlet boundary conditions.

Mu+ AQu=0 ingG,
(2.11) u=0 ondG,
u#0.
Neumann boundary conditions.
Mu+AQu=0 inG,
(2.12) L% =0 ondG,
u#0,
where

(2.12a) LPu = gi(au, + bu,) + £5(cu, + bu,)
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and (¢,,&,) is the normal vector on dG.

LEMMA 4. There are solutions of (2.11) and (2.12). These solutions u are in
Cy«(G). If A is an eigenvalue of (2.11), then A > 0. If A is an eigenvalue of
(2.12), then A = 0. Moreover, if | A,} are the eigenvalues of (2.11) or (2.12)
with associated eigenfunctions | ¢!, then the set | ¢,} is complete in L,.

The minimal eigenvalue of (2.11) is characterized by

(2.13) A = MinB[u]/{u, Qu),

where the minimum is taken over all functions u & HY.
The function u, = 1 is the only eigenfunction associated with the value A = 0.
The next eigenvalue is characterized by

(2.14) A= MinB[u]/(u, Qu),

where now the minimum is taken over all functions u & L, having strong
derivatives and satisfying

(2.14a) (uo, Qu) = 0.

Proof. See [1, Volume II, Chapter 7]. The results for the Dirichlet
boundary conditions are also discussed in [ 13, p.217].
REMARK. For functions u € H? and the eigenfunction ¢, of (2.12) one has

Blu]= — (Mu,u).

REMARK. The eigenfunctions ¢,(x,y) of (2.11) or (2.12) may be extended
as continuous functions, in fact continuously differentiable functions, defined
on an open set @ D G.

REMARK. Let ¢, be an eigenfunction of (2.11). Then there is a sequence
™ € Cy(2) so that ¢™ vanishes outside a compact set =, C G and

lo™ — ol + |Bléx] — B[¢™]| >0 as m—c.

This follows from the fact that these functions are dense in HY.

3. Discrete boundary-value problems. Let the (x,y)-plane be divided into
rectangles by the lines x = mAx,y = jAy. The points (x.,y;) = (mAx,jAy)
together with the points in which dG intersects these lines are called general
mesh points. A mesh region G(h) is obtained by selecting certain of these
-general mesh points subject to the conditions

(C.1) There is a constant R > 0 such that

Min |P — Q| < R(Ax + Ay)
QEC

forall PE G(h).
(C.2) All of the general mesh points P & G which satisfy
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Min |P — Q| > R(Ax + Ay), Q € aGq,

belong to G(h).

Certain of the points of G(h) are called “interior” points while the re-
maining points are called “boundary’ points. The set of interior points is
denoted by G(h) and the set of boundary points is denoted by dG(h). For
consistency, we require

(C.3) P& daG(h) implies that

Min|P — Q| < R(Ax+ay), QE 4G.

The mesh region G(h) may be ‘““triangulated” by drawing certain diag-
onals. After this has been done (in some fashion) one may sensibly speak
about the space &, depending on the triangulation, of piecewise linear,
real-valued functions defined on G(h). Or, more precisely, defined on ¢, the
union of all the triangles of G(k). The functions of & are defined by their
values at the mesh points of G(h) and the requirement that they be linear over
each triangle.

For any two functions g, h € & we define the ‘“‘inner product”

(3.1) [g,h]=axay > g(P)h(P).
PETGH)

DEFINITION. A sequence |G.(h)} = {G,(h; Ax, Ay, | of mesh regions is
said to converge to G if

(a) Ax,/Ay, = r, a constant for all n.

(b) Ax,— 0 as n — .

(c) The points of UG.(h) are dense in G and nowhere dense in the com-
plement of G.

(d) The points of U 4G, (k) are dense in 4G and nowhere dense in its com-
plement.

(e) There are two positive constants C,, C,, which are independent of n,
such that

Cl(f)f)§[f}f]n§02<f’f>9 fe -C%n

For any function u defined and continuous on an open set @ D G we obtain
a function & € &, by setting

(3.2) 2(P) =u(P), Pe&G,h

provided n is large enough so that G,(h) C Q. And, for any function u defined
and continuous on G we obtain a function &, & &, by setting

@,(P) = u(P), if PE G,(h) NG,
,(P) =0, otherwise.

(3.2a) {

DEFINITION. A linear operator M, mapping &, into &, is called a con-
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sistent approximation to M over G,(h) if
(3.3) M,[2)(P) = M[u](P) +0(1) asn— o

forall P€ G,(h) NG and all u & Cy(Q).
DEFINITION. A linear operator L) mapping &, into &, is called a con-
sistent approximation to the identity on dG,(h) if

(3.4) LY&](P) = u(P) +0(1) asn— w

for all P& dG,(h) and all u & C(Q).
DEFINITION. A linear operator L} mapping &, into <, is called a con-
sistent approximation to L' (see (2.12a) of §2) on dG,(h) if

(3.5) LY[&)(P) = LYu(P) +o(1) asn— o

for all P € 0G,(h) and all u € C(Q).
Using these consistent approximations one may consider the discrete
boundary-value problems

M,[v]=f inG,h)
LP[v]=¢ ondG.(h), k=01
DEFINITION. The subspaces &7, " of &, are defined by
W= (vE &y Lyv=00n8G,(h)],
LV =[vE &y; Liv=00ndG,(h)].
We let P®, k= 0,1 denote the projection into &%, and define
* M® = POM,PY, k=01

DEFINITION. The operator MY mapping & into <&, is a consistent
approximation to M°, the operator M restricted to H°, if for every u € C5(Q)
which vanishes outside a compact set = C G whose distance to 3G is greater
than 2R(Ax + Ay), we have

(3.6)

(3.7) ne
and
(3.7a) M = (Mu) +o0(1).

DEFINITION. The operator M} is a consistent approximation to M, the
operator M restricted to those functions u satisfying L'u = 0 on 4G, if for
every function u € C,(Q) satisfying L'u = 0 on 4G one may construct a
function &1, € &, which satisfies

(3.8) M, = (M'u) 4 0(1)
for all points P &€ G,(h) N G whose distance to dG is greater than



328 S. V. PARTER | February

2R(ax + Ay),
and

(3.8a) My, = (M'u) + o|(ax + Ay) !

for those points P € G,(h) whose distance from dG is less than 3R(Ax 4 Ay).
Moreover, if u vanishes outside a compact set = C G, then we require that
2ty = & and (3.8) holds everywhere when n is large enough.

In most cases the operators L have an important property, namely:
given a function v € &, one may construct a function ¥ & &, which satisfies
(for an arbitrary ¢)

LY5(P) = ¢(P), PEdGa(h)
u(P) =v(P), PeG.h).

In such a case, the boundary-value problems (3.6) may be reduced to prob-
lems of the form

(3.9) M®w]=g inG.h).

4. Iterative methods and general estimates. After ordering the points of
G,.(h) the equation (3.9) becomes a system of linear equations of the form

4.1) A X=Y,,

where A, is the matrix representation of the operator M*. Since the ele-
ments of A, are generally unbounded as Ax,— 0 one usually sets

An = - Aanynl‘lo
Y= -—Ax, Ay, Y,
to obtain a system
(4.1a) A, X=Y,

where A, is the matrix representation of — Ax,Ay, M®.
One obtains an iteration procedure by “splitting” A, in the form

(4'2) An = Tn - Nm

where T, is nonsingular and T, ' is relatively easy to obtain. After choosing
an initial guess X' we obtain X**' from relation

(4.2a) T.X'"'=N,X"+Y.

LemmMa 5. If A, is nonsingular, then the vectors X' converge to the unique
solution X of (4.1a) for all initial vectors X° if and only if

(4.3) pn= Max |\| <1,

where )\ is an eigenvalue of
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(4.3a) det {\T,— N,}=0.

If A, is singular and there is a solution X of (4.1a), then this solution X
is not unique. Moreover, the vectors X’ converge to a solution X of (4.1a) if and
only if
(4.9 Max | A| = 1.

And for all eigenvalues \ of absolute value one, we have
(4.4a) A=1

and the eigenspace of T,;' N, associated with the eigenvalue \ = 1 is spanned by
the associated eigenvectors. That is, the elementary divisors of T, ' N, associated
with the eigenvalue A = 1 are simple.

Proof. See [2].
In the case when A, is nonsingular we define the rate of convergence of
the iterative method as

- Ingn-

In the case when A, is singular, and the iteration procedure is convergent,
we define

(4.5) un = Max | )|, Al <1
and the rate of convergence is
- IOg#n-

Let &, and _#, be the operators mapping &, into & associated with
the matrices T, and N,, respectively.

DEFINITION. Let {G,(h) | be a sequence of mesh regions converging to G.
Let M¥ be a consistent approximation to M® over G,(h). The sequence
of splittings A, = T, — N, is said to satisfy property B if

(a) The operators _#/, are self-adjoint and uniformly bounded, i.e., there is
a constant C, such that
(4.6) (Aw, Sw], < Colw,w],, weE ZP.

(b) There is a Q(x,y) € C,(2) which is strictly positive, i.e., Q(x,¥)
=2¢y>0. When k=0

(4.7.0) Lim [A,6, 0], = (¢, Q)

whenever ¢ € C(2) and vanishes outside a compact set = C G. When k=1
(4.7.1) Lim [ A, 62, 01], = (9, Qu)

whenever ¢ € C,(Q) and satisfies L'¢ = 0 on dG, and w & C(G) N L.
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LEMMA 6. Let the splitting A, = T, — N, satisfy property B. Let v™® € &,®
converge strongly to a function vE C(G) "L, If k=0, let ¢ € C(Q) and
vanish outside a compact set = C G. If k = 1, let ¢ € C,(Q) and satisfy L'¢ = 0
on dG. Then, if k=0

(4.8a) Lim [¢, #,0™ ], = (¢, QU),
and if k=1
(4.8b) Lim [ g, #,v™], = (¢, QU).

Proof. Let { denote ¢ or ¢,. Then, for n large enough ¢ € &*®. Since 4,
is self-adjoint

[, An™ ] = A0, 0],
But
[-/Vnwﬂxv(n)]n = [-/;/n‘l::ﬁl]n'l' [-/;/nv’" v(n) - 01]m

and the lemma follows from the fact that the mesh regions G,(h) converge
to G (see (e) of §3).

LEMMA 6b. Let the splittings A,= T,— N, satisfy property B. Let v
€ & converge strongly to a function vE L,. Let ¢ € C(Q) vanish outside a
compact set = C G. Then

Lim ¢, #,v™] = (¢, Qu).

Proof. If v ¢ C(G) we “smooth” v to obtain V& C(G). Then can be done
via the Friedrichs mollifiers, see [7]. Then

[6, 0] = [6, A4 V] + [6, A" — D)].
By hypothesis,
(¢, 4 V]—(4,QV).
And
[[&, A" = V)] < Callall - | Al - v = V).
Letting V—v, we obtain the desired results.

LEMMA 7. Let the mesh regions {G,(h) | converge to G. Let M¥ be a consis-
tent approximation to M™® over G,(h). Let M® be self-adjoint. Let v™ & &®
converge strongly to a function vE C(G) N L, If k=0, let ¢ € Cy(Q) and
vanish outside a compact set = C G. If k = 1, let $ € C4(Q) and satisfy LV ¢ = 0
on dG. Let { = ¢ or ¢,, depending on whether k = 0 or 1. Then

(4.9) Lim [¢, MP v ™], = (Mg, v).
Proof. In either case y & &,® for n sufficiently large and
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MPy = (Mg) +o(1)

for P € G,(h) N G and the distance from P to 3G is greater than 2R(Ax + Ay),
while

MPy = (Mg¢) + o[(ax+ ay) Y]

for P& G,(h) and the distance from P to dG is less than 3R(Ax + Ay).
The number of points P satisfying this latter condition is O[(ax + Ay) !].
Therefore

Lim [M®y,0,], = (M¢,v).
But
(6, M& 0], = [M#§, 0],
and
[MP 3,07 = [MP§,0,],+ [MP§, 0 - )],
The lemma now follows from the fact that
[MP§,M®§), <K

for some constant K and the fact that the mesh regions converge to G.

In many cases, particularly when the difference equations have been
derived from a variational principle, the operators M satisfy a “coercive-
ness’’ condition. Namely, there is a constant C; such that

(4.10a) I M®v,v],| =K
implies that
(4.10b) D] C;K, veE &P,

where D[v] is the Dirichlet integral of v defined in §2.

LEMMA 7b. Let the mesh regions {G,(h) | converge to G. Let M® be a consis-
tent approximation to M'* over G,(h). Let M\" be self-adjoint and satisfy a
coerciveness condition.

Let v € &, converge strongly to a function v E L, while |M®Pv™| < B
for some constant B. Let ¢ € C((G) and vanish outside a compact set = C G.
Then

Lim [¢, M®Pv™®] = (M¢,v).
Proof. Let us observe that w € C,(G) implies that
[M®5,0] = (M8,0) +
where
leal* <= D[ (M ¢)w] - 0(1).
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Hence this estimate can easily be extended to the case where D[w] < .
However, the coerciveness condition guarantees that there is a constant B,
so that

D[v™] < B,.
Since M® is self-adjoint we have
(4, MP o] = [M® ¢,0™]

and the lemma follows from the remarks above.
In the case k = 0, the matrix A, is usually nonsingular. We consider this
case first.

THEOREM 1. Let the sequence {G,(h) | converge to G. Let M be a consistent
approximation to M° over G,(h). Let A, be the matrix representation of
— Ax,Ay,M?and let A,= T, — N, be a splitting of A,. We assume

(i) The matrices A, and T, are positive definite, hence M2, &, and A, are
self-adjoint.

(ii) The “‘splitting” A, = T, — N, satisfies property B. Then

(4.11) pnZ 1 — AAX, Ay, + 0(AX,AY,),
where A is the smallest eigenvalue of
Mu+ AQu=0 1inG,
(4.11a) u=0 ondgG,
u #0.

Proof. Let ¢, be the eigenfunction of (4.11a) associated with the minimal
eigenvalue A. Given any ¢ > 0 one may find a function ¢ € C,(Q) having com-
pact support = C G so that

(4.12) ¢ — ¢:ll + |Bl¢]— Blen]l <e.
Using Lemmas 6 and 7 we find
[M2¢,6], = (Mg, ) + 0(1),
[#26,8]n= (8, Q) + 0(1).
Using (4.12), and the fact that ¢, is an eigenfunction, we have
(413) lMﬂdf,dE],. = — A¢1, Q1) +0(1),
(A at,0]s = (¢1,Q81) + 0(1).
In this case,

= [ nw, w]a| 0
(4.14) Pn = Max [.@nw’w]n s we M"'
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Since ¥, = — Ax,Ay,MJ+ _#,, the lemma follows from inserting (4.13)
into (4.14).

Whenever the splitting A, = T, — N, satisfies property A (see [12]) and
A, and T, are positive definite one has

(A w,w],
(2w, w],’

THEOREM 2. Under the same hypothesis as in Theorem 1, let
(iii) The operators M? satisfy a ‘‘coerciveness’ condition.
(iv) Equation (4.15) applies instead of (4.14). Then

(4.15) pn = Max weE &L

(4.16) pn~1— AAX, AY, + 0(AX, AY,)
where, once more, A is the minimal eigenvalue of (4.11a).

Proof. Under these hypotheses one may easily prove that the iterative
method is convergent, i.e., p, < 1. Let v € & be the eigenfunction as-
sociated with p,. Let

(417) A= [(1 - Pn)/PnAanyn] > 0.

The eigenvalue equation may now be rewritten as
(4.17a) MW®™ = — \, A 0™,
Using Theorem 1 we find that

(4.17b) LimSup A, £ A,
while this theorem asserts that Lim A, exists and
(4.17¢) Lim A\, = A.

Assume that (4.17c¢) is not true. Then there is a sequence (n') with n' —
so that

(4.18) Lim A1 = Ag < A.
We may normalize ‘the eigenfunctions v so that ||v™| = 1. Since the mesh
regions G,(h) converge to G, there is a constant K such that

[v™,v™], = K.

Since the {_#,| are uniformly bounded, there is a constant K, such that

|[MSU("),U(")],,( — >‘n| [/V,.v"",v‘"’]l
<K,

(4.19)

Thus, using the Rellich selection principle and condition (iii) of the hy-
pothesis, we may select a subsequence n” so that
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(4.20a) A — Ao

and the subsequence v""” converges strongly to a function v € L,. Moreover,
the uniformly bounded sequence #,-v"™” converges weakly to a function
g € L,. Using Lemmas 6b and 7b we find that ¢ = Qu and v is a weak solution
of

Mu = Aygq.

Thus v € C(G) N L,. Let ¢, be the kth eigenfunction of (4.11a). Let ¢™
€ Cy(2) be a sequence of functions such that ¢™ has compact support
*»C G and

o™ — el + |Bl6™] = Bléx]| =0 asm—0.
From (4.17a) and Lemmas 6 and 7 we have
Lim [ $", M%), = — AoLim [, A5 0®],.
(M'™,v) = — Al(¢'™, Q).
On letting m — « we find that
A (r QU) = Ao (4, QU).

Thus, Ao = A, for some k. Therefore

(4.21)

Ag 2 A =minA,,
0
which proves the theorem.

REMARK. We observe that the proofs of Theorems 1 and 2 do not require
that M arise in the manner described in §3 and culminating in equation (*).
Indeed the proofs use only the properties (3.7) and (3.7a) of the definition
of a consistent approximation to M°.

Most of the literature concerning iterative methods for elliptic difference
equations is restricted to the case & = 0. Therefore, before developing the
estimates for the case k=1 we digress to discuss some relevant facts.

Suppose that A, is positive semi-definite and of the form

(4.22) Ay=T,— [L,+L}]=T,— N,

where T, is block diagonal and positive definite while L, is lower (block)
triangular and L is its transpose which is upper triangular. This represen-
tation leads to three natural iterative procedures for (4.1a).

Block Jacobi method.

(4.23a) T.X'*'=|L,+L}]X"+Y.
Block Gauss-Seidel method.
(4.23b) (T, - L)X =L*X"+Y.
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Block over-relaxation method. A parameter w > 0 is chosen, and
(4.23c) (T, — wL) X" = [wL}+ (1 — )T, ]X" + Y.

LeEmMA 8. If the splitting (4.22) satisfies block property A, then
(a) If A is an eigenvalue of

(4.24a) (A\T,— N,)X=0

then — X is also.
(b) The eigenvalues u of

(4.24b) (w(T,—L,) —L¥]X=0
are of the form
p=A

where X is an eigenvalue of (4.24a).
(c) The eigenvalues o of

{o(Ty— wL,) — [oLi+ (1 — ) T.]}X = 0
satisfy the equation
(0 + o — 1)2= w’Alq,
where \ is an eigenvalue of (4.24a).

Proof. See [12].

In particular, if A, is actually singular and the vector e is the only eigen-
vector associated with the eigenvalue zero, then + 1 are both eigenvalues of
(4.24a). Moreover, ¢ is the only eigenvector associated with + 1 and there is
a unique eigenvector associated with — 1. Thus, the iterative method (4.23a)
does not converge while the iterative methods given by (4.23b) and (4.23c)
do converge, provided

1=sw<2.

More important, the quantity u, is a function of the quantity Z, defined by

~ [Aow,w],
t, = Max -—-——[92" o],

where w & &,' and satisfies
(e, Z,w].= [6, #w], =0,
where ¢ is the function associated with the vector e.

THEOREM 3. Let the sequence of mesh regions {G,(h) | converge to G. Let
M{" be a consistent approximation to M' over G,(h). Let A, be the matrix
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representation of — Ax,Ay, M’ and let A, = T, — N, be a splitting of A,. We
assume

(i) The matrix A, is positive semi-definite and the only eigenvector associated
with the eigenvalue zero is the vector e = 1, all of whose components are 1.

(ii) The matrix T, is positive definite.

(iii) The splitting A, = T, — N, satisfies property B. Let

(4.25) 5= Max L2 whl [[_;’fu“)’ 51“

where the maximum is taken over all functions w & &, which also satisfy
(4.25a) (Z,w,1],=0.

Then

(4.26) pnZ 1 — AAX, Ay, + 0(Ax,AY,),

where A is the smallest nonvanishing eigenvalue of
Mu+AQu=0 ingG,
(4.26a) L'u=0 ondgG,
u#0.

Proof. Let ¢ be the eigenfunction of (4.26) associated with A. In general,
¢, need not satisfy (4.25a). However, since the splittings satisfy property B
we have

[i’-/,/nq;2]n = 0(1)

Therefore

(4.27) (1, Pudala/ [1, Pulli=0(D).
Let y € &, be defined by

(4.28) w=¢:— ([1, Zto)u/[1, £1]) - 1L

The function ¢ does satisfy (4.25a) and we may now repeat the argument
of Theorem 1, using ¢ as a “test” function.

In a similar way, using such modified test functions, we may modify the
proof of Theorem 2 and obtain

THEOREM 4. Under the same hypotheses as in Theorem 3, let
(iv) The operators MY satisfy a coerciveness condition.
(V) pn = t, defined above.

Then

En = 1 - AAanyn+ O(Aanyn)y
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where, as before, A is the smallest nonvanishing eigenvalue of (4.26a).

REMARK. A careful study of the proofs of Theorems 1, 2, 3, 4 reveals that
it is not really essential that the boundary curves of G be smooth (see §2).
Indeed, these theorems are all true if the eigenfunctions ¢, of (2.11) and
(2.12) {(4.11a) and (4.26a) } are in Cy(G). In that case they may easily be
extended as functions in C,(Q), where @ D G. In particular, Theorems 1, 2,
3, 4 are all valid when G is a rectangle.

We conclude this section with one more remark. For computational pur-
poses it is sometimes convenient to work with the matrix

B,=DA,D,

where D is a positive definite matrix, usually a diagonal matrix. However,
this has no effect on the value of p. For, let B, = T, — N, and

L (N X, X)
b =Max

where Ny= DND and T,= DTD. Then

1 (NY,Y) _
p' = Myax TY.Y) =p,

where Y = DX.

5. Multi-line iterative methods and related results. In this section we return
to the problem considered in [9]. The mesh region G(h) is obtained by taking
all points (x,,y;) = (ma,,ja,) inside G. A point (x,,y;) € G(h) is called a
boundary point if not all of its eight neighbors are in G. All other points are
called interior points.

The mesh region G(h) is triangulated by drawing all the diagonals with
positive (or negative, it doesn’t matter) slope.

The operator M is approximated by the finite-difference operator I, defined
by

(5.1) hlu]=(Au,):+ % $(buy)y + (busz)y + (bus), + (bus)z} + (C'uy)s,

where

Ay =a(x + Laxy),
(5.1a)

C'x, y) Ec<x,y + %Ay)

while u, and u; denote forward and backward difference quotients respec-
tively, i.e.,



338 S. V. PARTER | February

1 _ 1 _ —
Vi= Vi +any) = Ve | Vi= £ { V(&) = Viz - axy),

(5.1b)
1
Vy= —Aly{ Vix,y+ ay) — V(x,y) |, V5= A—y! Vix,y) = Vix,y — ay) |,

for any function V(x,y) defined on G(h).
In this case summation by parts gives

[L[u],u]= — Bolu], ue ¥°,
where

B[ u]

= AxAay) {A(u)*+ % blusuy + w usz+ uyusz + uuz] + Cu)*}.

Thus, the uniform ellipticity of M shows that (for Ax, Ay small enough) I,
satisfies the “coerciveness”’ condition over &°.

If one takes Ax,/Ay,=r and considers a sequence of such mesh regions
G.(h) for which Ax,— 0 as n — «, one immediately finds that this sequence
converges to G.

The operators L are taken as the identity operators over &,.

One may easily verify that the operators M defined on &, by

MY u]=Llu] inG.(h)
=0 on dG,(h)
are negative definite and are consistent approximations to M° over G,(h).
In [9] we developed the multi-line (k) iterative method associated with
this difference approximation to M. The interested reader is referred to the

details there. However, we note that in that work we worked with the matrix
representation of

[ Ax, Ay,

- - ] Ax, Ay, M.
Ax, + Ay,

(5.2)
Thus, there is a factor of r/(r?+ 1) multiplying all equations in [9].
Since these k-line iterative methods satisfy property A, the dominant
eigenvalue of the Jacobi method (which we denote by Ag(k)) satisfies con-
dition (iv) of Theorem 2.
Following the development given in [ 9], we find that

(5.3a) (u, A,v], = 280yAx ) I
®

where
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1
Iv = - § Z (bm,vh+l + bm—l,vk) vm—l,le—l um,vk
(m)

1
(5.3b) +2 D ok Vmbt 1 Um ok
(m)

1
3 Z Bmkr1 + Omi1ik) Umt 1kt 1 Um, ke
(m)

+
In this formula we have used the familiar notation
(5.3¢) F(mAx,jay) = F ;.

If u € C(9) and vanishes outside a compact set = C G and v € C(G) we find
that

(5.4) Axl, = %fC(g, vk Ay) u(g, vk Ay) v(&, vk Ay) dE + 0(1),

where the integration is carried out over the intersection of the line y = vkAy
and the set . Since only 1/k of the lines enter into the sum in (5.3a) we
see that

2
(5.5) [u, Aol = };ffc(x,y) u(x,y) v(x,y) dxdy + o(1),
i.e., the splittings in the k-line iterative method satisfy property B with
(5.52) Qx,y) = 2 C(x,3).
r
Thus, using Theorem 2, we find, as we found in [9],
k 2

where A is the minimal eigenvalue of
Mu+ Acu=0 inG,
(5.6a) u=0 onadG,
u#0.

If b(x,y) = 0, then the point iterative methods also satisfy property A.
If we consider the point Jacobi iterative method we find that condition (iv)
of Theorem 2 is satisfied. Moreover, a direct calculation shows that

(5.7a) [u, A0l = Ax, Ay, (I, + 1),

where
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2
I,= ; Z Am+1/2,jUm,jVm+1,js

(5.7b)
I,=2r Z Cm,j+1/2Um,jVm,j+1-

Thus, the splittings associated with the point iterative method satisfy
property B with

(5.7¢) Q= 2( re + % a) .

On applying Theorem 2, we find that the dominant eigenvalue for this
method is given by

(5.7d) p~1- % AAx Ay,
where A is the minimal eigenvalue of

Mu+A<rc+%a) u=0ingG,

(5.7e) u = 0o0ndgG, ‘
u#0.
6. A Neumann problem. Let G be the rectangle
(6.1) G=1{(xy);Xe<x<X,Y,<y<Y

and let b(x,y) =0, i.e.,

ad a d
+

a
.1 M=—- —_— _C —
(6.1a) axaax aycay'

The mesh region G (k) is chosen as in §5. We notice that there are four con-
stants mo, my,J,, and J, which describe the points of dG(k). That is
(6.2) aGkh) =S, + S, + S;+ S,
where
Si={Emy);m=mqyd<j<dJi},
Sy ={(xn¥); mo<m <my,j=do},
Sa={(xmy)im=my,dy<j<dJ},
Si={(xmy);mo<m <my,j=dJ,}
Once more the operator M is approximated by
(6.3) Wlu]= (Au):+ (C°uy)s.
The operators L{" are defined by
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(6.3a) LPu]l=u inG(h),

(6.3b) (L) mgs = < (emgr; = Umg) o0 S,
(6.3c) (LP[u))ogm = Aiy (Um,do+1 — Um,dg) ONS5,
(6.3d) (LA (] = 1= {temy1 = iy} O S,
(6.3e) LP[u]) gym = Aiy {Umdy—1 — Uma, |} OD Sy

Ifu € Cy(2) and L™[u]= 0 on 3G, then we define
uy(P) =u(P) ifPeG(h)
and for P € 3G we define &,(P) by, the condition that L[ &,](P) = 0. For
example, if P is the point (xng,y;) then
(6.4) a2(xm07yj) = u(xm0+1syj)~

Using this definition of &,, we see that M\’ mapping &, into <! is a con-
sistent approximation to M' on dG(h). At all points P in G(k) which do not
have one of their four neighbors on 3G(h)

(6.4a) MY[ 4] (P) = M[u](P) + o(1).
At those points P in G(h) which do have a neighbor on dG(h) we have
(6.4b) M '[8,)(P) = M[u](P) 4+ 0(1).

We carry out this computation for a point (xn,.1,y;), and for simplicity,
takea=c=1,

1
(M 8]) myir,; = F{umo-rl,j — 2y i1j+ Umgra) )

1
W t Umg+1,j-1 — 2Umgs1,j + um0+l,j+l}'

+

The second term in this expression equals

< ¢ [u])mwu + 0(1).

y*

Turning to the first term, we observe that

u\
Umg+1,j = Umg,j + Ax<<5> ) .



342 S. V. PARTER | February

Since (du/dx) = 0 on x = X, and this formula involves (du/dx) at a point
whose distance from x = X, is at most 2Ax, we see that

Umg i1 = Umg,i T O(ax?).

An immediate computation verifies (6.4b).

Note. Although one could have chosen the mesh region so that dG(h) = G
in this case, this is not necessary for our analysis. Hence we deliberately con-
sider the more general situation in order to indicate how this analysis could
be extended to a more general region G.

N Moreover, — M, is positive semi-definite and the function € = 1 is the only
function in &, for which M}[u]= 0.

Once more, summation by parts shows that M;" satisfies a ‘“‘coerciveness”
condition over &

Let us now consider the point Jacobi iteration method and the multi-line
(horizontal) Jacobi iteration methods. In both cases the splittings of A, (the
matrix representation of — Ax,Ay, M) satisfy property A (assuming the
equations are consistently ordered). Hence, the analysis of §4 shows that
these methods do not converge. However, the corresponding Gauss-Seidel
methods and extrapolated relaxation methods do convergé. Moreover, the
rates of convergence of these convergent methods can be determined from
the eigenvalues of the Jacobi procedures.

In order to apply Theorem 4, we must show that these splittings also satis-
fy property B. This is indeed the case. The proof is essentially the same proof
as was given for these methods in §5 for the more general region. The only
possible source of difficulty arises because we are no longer restricted to a
compact subdomain on which both functions (¢ and v) are uniformly contin-
uous. However, we need only observe that the contribution to [u,-7, wUln
from a strip near the boundary 4G goes to zero.

Thus we obtain

THEOREM 5. Let the points of G,(h) be consistently ordered. Consider the
point Gauss-Seidel method applied to the problem

(6.5) Mlv=f.

The method is convergent, and the quantity p, defined in §4 is given by
(6.5a) e = [pa]’,

where

(6.5b) pn=1—AAx, Ay, + O(Axn Ayn)-

In (6.5b) the quantity A is the smallest nonvanishing eigenvalue of



1965) ELLIPTIC DIFFERENCE EQUATIONS 343
Mu+A<rc+ %a)u =0 ingG,

(6.6) L' u]=0 onéG,
u#0.

THEOREM 6. Consider the multi-line (horizontal) Gauss-Seidel method ap-
plied to (6.5a). The method is convergent. Furthermore,

(67) Mn = [Pn]2)
where
(673) pn=1-— ';' A(Ayn)2 + O(Aanyn)-

In (6.7a) the quantity A is the smallest nonvanishing eigenvalue of

Mu+Acu=0 ingG,

(6.8) L®u]=0 onaG,
u#0.
7. The cyclically reduced equations. Let M have the special form
(7.1) =9,0,9.9,

Let the mesh regions G,(h) and the operators [, and L be chosen as in §5.
At an interior point (x,,y;) the operators M has the form

1 2
(Mg[v])m,j = (-A—x> {0m+x/2,jvm+1,j - (0m+1/2,j+ am—llz,j)vm,j - am—l/z.jvm-l,j}

(7.2)

1 2
+ (ZS' ‘cm,j+l/2 Um,j+1 — (Cm,j+1/2 + Cm,j—l/z)vm,j + Cmj—1/2Um j-1 }

DEFINTION . The lattice points (x,,y;) €iG,(h) are divided into two classes,
the red points % and the black points & (see [12]) defined by
F={(xny);m+j=1 (mod2)},
B={(xXny);m+j=0 (mod2)}.

(7.3

Let the points in G,(h) be ordered as follows: the black points are enu-
merated first in ‘“typewriter”’ ordering along the horizontal lines and then the
red points are enumerated in ‘“‘typewriter’ ordering along the horizontal
lines. We consider the discrete boundary-value problem (3.6). Let X = {v,,;}
be a vector of unknowns ordered in this way. Then



344 S. V. PARTER [ February

(7.4a) X = (ﬁz) ,

where X denotes the vector of unknowns at the black points and X5 de-

notes the vector of unknowns at the red points. If A, is the matrix represen-
tation of — Ax,Ay, M? (based on this ordering), then A, has the form

_[ Ds —Bo]
(7.4b) A,,—[_ 5 D

The matrices D and Dy, are diagonal matrices. The boundary-value problem
is thus reduced to a system of linear equations of the form

(7.40) A,.(ﬁi) - (52) -y,

where the vector Y is determined by the functions f and ¢.
As we mentioned in §4, for computational purposes it is convenient to con-
sider the equivalent system

(7.5) A,W=Y,
where, having set

Dp 0
(7.5a) D,= [ f ]

0 Dg
we define
(7.5b) W=AVX,

Y =D;2y.
Now we find that
(7.6) X,,=[ Iy —Bl],
— BT I,

where I and I are the identity matrices over the black points and the red
points respectively.

The significant fact which is emphasized by the form of A, and A, is: the
values of vy, j at the black (red) points depend only on the vector Y and the values
of vnj at the red (black) points. Thus, one may easily eliminate one set of un-
knowns. To be explicit, we find that

(7.7a) @I - A)AW=I-A4,)Y

takes the form
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(7.7b) (Is— BiB)Wy= Y5+ B, Vs,

(7.7¢) (Ig— BIB)Wg= Yp+ B Vs.
However, one may solve (7.7b) for W5 and obtain W from
(7.7d) Wr=BTWs+ Y

This reduction of (7.4c) to (7.7b) is called a cyclical reduction by Hageman
[5) and Varga [11] (see [6] also). The equations (7.7b) are called the cy-
clically reduced equations. Let us consider these equations.
Let
o, = D§*(Is — B,B])Dy?,

Z = D¥*(Yz+ B, Yy).
Then (7.7b) takes the form
(7.8b) A Xpg=2Z,

(7.8a)

where, of course, Xp is the original vector of unknowns {uv,;} at the black
points.

Unfortunately, the set of black points in G,(k) do not constitute a mesh
region as this concept is defined in §3. The difficulty arises from condition
(C.2). However, consider the coordinate system

(7.9) E=x+ry, n=2x—ry,
where, as usual, r = Ax,/Ay,. Set
(7.10) Ak, = Any = [(A%,)* + (8y,)*]"%

The points P,,; defined by § = mAg,n = jAn, which lie inside G are precisely
the black points in G,(h) which we denote by G,(h; B). Thus in the (¢; 1)
coordinate system, G,(h; B) is a mesh region.

However, if Ax, # Ay,, this is not an orthogonal coordinate system. But,
this need not disturb us. We may interpret the original problem in the coor-
dinate system

x' = x, yl=ry.
In this orthogonal coordinate system Ax' = Ay'. Moreover, there is an ob-
vious isomorphism between the domain G and the domain G, the elliptic
operator M and the elliptic operator M, etc. On the other hand, it is impor-
tant that we observe that the area of a basic rhombus of side Af is (in
general) not Af, A%, but 2Ax,Ay, Hence, after triangulating G,(h; B)

by drawing the horizontal (or vertical) diagonals, we must take the inner
product [f,g], on Z,(B)(the space of piecewise linear functions) as

(7.11) (8], = 24x,Ay,) f(P)g(P), P& G,h;B).
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The subspace &(B) is defined as the set of all functions f € &,(B) which
vanish on 3G, (h; B).

Let 7 be the linear operator which maps &;(B) into &Z2(B) which
corresponds to the matrix — (Ax,Ay,) ~' ,.

LeEMMA 8. The operator &' is a consistent approximation to 2M° over
G, (h; B) in the sense that the conditions (3.7) and (3.7a) are met. We take R = 2.

Proof. Condition (3.7) is obvious. We turn to condition (3.7a). Let
ue C(2)

and vanish outside a compact set = C G whose distance from 3G is greater

than 4(Ax + Ay). Let (xn,y;) € Ga(h; B). By retracing the steps which led
to (7.8b) we find that

(7.12) (L8] mj = MY &]m; + A AYA(MED MY ]) ),

where D is the diagonal operator mapping &, in &, corresponding to the
matrix D, defined in (7.5). Hence we must only show that

(7.12a) Ax,.Ay,.M,?{f)"M,‘f[a]} =o(1).
It is an easy matter to verify that

~ -1
(7.12b) (D_IU),,,J' = [%am,j—}— 27'0,,,,]'] UmJ+ 0(1)
for all bounded v & &?. Thus
(7.13) Ax, Ay, MY DM 2]} = ax, Ay, M ¢ + v],
where

, o

(7.13a) ¢ = [% a+ 2rc] -M[u] € C(G)

and vanishes outside Z, and
(7.13b) ¢v=o0(l) asn— .
However, a detailed look at M shows that for n large enough
Ax A M ¢]=0(1) asn—
and
|axay My[y]| < KMax |y|,

where

K=4Max{%a+rc}.
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LEMMA 9. The operator &4° is self-adjoint and the matrix &, is positive
definite.
Proof. See Hageman |5, Theorem 3.1].

LeMMA 10. Let &/, = T, — N, be the splitting of ¥, corresponding to the
l-line (horizontal) Jacobi iterative method, | 2 2. This sequence of splittings
satisfies property B with

(7.14) Q=+

Moreover, this sequence of splittings also satisfies block property A.

Proof. See Hageman [5] for the proof that these splittings satisfy block
property A. Let u € C,(Q) vanish outside a compact set = C G and let
v € C(G). Then, after a tedious computation using the results of [5, pp.78-
79], to determine the elements of %7,, we find that

(7.15) (&, #,0), = 48x, 0y, D 1,
)

where

I' = Z/[ﬁT(m, Vl - l)vm,,l-f-l um,v‘—l]
(m)

+ X [Br(m, v)om w2 Um, )
(7.15a) (m)

+ Z' LarL(m, v))Vm_ 1041 Umu)
(m)

+ X [arr(m, i) Uiy igs Um i)
(m)

and the a’s and g8’s satisfy, for (x,,y) € 2,

] r2c?
Br(m,j) = +o0(1) asAx,—0,
2[ l a-+rc
r m,j
(7.15b)  agm(m,j) = —2% 4 0(1) asAx,—0,
2[ % a+tre

arg(m,j) = ar(m,j) +0(1) asAx,—0
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and the ’ on the summation sign indicates that this summation is over the
black points. Thus

@19 2anl =5 [Qey) ety o6y detold).

We observe that only 1/ of the lines y = jAy enter into the sum (7.15). Thus
the lemma is proven.

LEMMA 11. Let &, = T, — N, be the splitting of ¥, corresponding to the
point Jacobi iterative method. In this case the splitting does not satisfy prop-
erty A. However, from the theory of positive matrices (see [11]) we may deduce
that (4.15) applies. Moreover, the splitting satisfies property B with

2.2
Q(x,y) = 2 2ac + réc E .
~a+rc
r
Proof. Let u and v be the functions in Lemma 10. Then
(717) [a: -/Vnoln= 2Aanyn[Z +Z],
1 2
where

2= Z}' [BHm, J)Vm jr2tm;+ BBM, J)Vmj—2Um,;]
(m,j
+ Z/ BR(m:j)vm'%Z,}' Up,j + ﬁL(m’j)vm—Z,j umJ] ’
(7.17a) (m.j)

Zz = Z' [aTR(m,f)Um+1,j+1 Umj+ arL(m,))Vm_1j+1 um,j]
(m, j)

+ Z' [GBR(m,J)va.j-xum, it aBL(’n,f)Um-l,j-l um,j]
(m, J)
and all the o’s approach arg(m,j) as Ax,—O0 and all the 8’s approach
Br(m,j) as Ax,—O.
Thus using (7.15b), we have

2r2c? + 4ac

%a+rc

[&, #,0], = 2Ax,Ay,) Upm,jUmj + 0(1),

which proves the lemma.
LEMMA 12. The operator £° satisfies a coerciveness condition.

Proof. We use the notation which has been used implicitly in the two
preceding lemmas. That is, we write
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— A%, AV K U] mj = (ao(m,j) + Bolm, j))tum;
- |aTR(mJ)um+1.j+1 + ar(m,)) Unp—1,j+1

(7.18) + apr(m, ) umi1j-1 + aBL(m:j)um—l,j—lj
— {Br(m, J)tmjy2+ Be(m, ) Um, ;s
+ Br(m, ) um,z; + B(m, j)um_s;},
where a¢(m, j) and By(m, j) are defined by setting
(7.18a)  a¢(m,)) = agr(m,j) + ar(m,j) + agr(m,j) + ap(m,j).

Using the formulas given by Hageman [ 5, pp. 78, 79] or by making a direct
calculation, one may verify that all the o’s and all the 8’s, with the possible
exception of Gy, are positive. We claim that, in fact,

(7.19) Bo(m, J) 2 Br(m, j) + Bs(m, j) + Br(m,}) + BL(m,)).
Suppose this has been verified. Then we may write .¥° as
(7.20) S = Z+ C,

where C} is the operator determined by the «’s and . is the operator deter-
mined by the 8’s. By construction, C9 satisfies a coerciveness condition in the
(¢,7) coordinates. And, this is sufficient for our purposes. Moreover, (7.19)
implies that #: and C are both negative semi-definite. Thus

I[u, S ubll = |[u, Zaul| + |[u, Clul.|.
If
|{u, S5 ul| =K
then, of course
{u,Coul,| =K

and the coerciveness condition on C9 implies that % ° satisfies a coercive-
ness condition.

We return to the proof of (7.19). Let uy = 1 in the interior, G,(h; B). Then,
if (xm, ¥}) € Ga(h; B) and all of the neighbors of (x,,y,) are also in G,(h; B),
the representation (7.12) shows that

(7.21) (" v]D)mj=0.
By construction,
(Co[v])m; = 0.

Hence, from the definition of 4%, we have
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(7.22) Bo(m, j) = Br(m, ) + Be(m,)) + Br(m,)) + Br(m,)).

For those points (x.,y;) € G.(h; B) who have at least one neighbor on
3G, (h; B) one must look again at the formulas of Hageman. One easily con-
cludes that in this case

Bo(m, j) > Br(m, j) + Bs(m,j) + Br(m,)) + B(m,)).

THEOREM 7. Let p,(%J) denote the dominant eigenvalue of the point Jacobi
iterative method applied to the cyclically reduced equations (7.7b). Let p,(?J')
denote the dominant eigenvalue of the l-line (I = 2) Jacobi iterative method
applied to the cyclically reduced equation (7.7b). Then

(7-233) Pn(RJ) ~1— AAX,AY. + O(Aanyn)’
and
(7-23b) pn(RJlL) ~1- lAAanyn + O(Aanyn),

where A is the smallest eigenvalue of

2,2
Mu+ A ?—ri u=0 ingG,
—a+rc
r
(7.24) u=0 ondG,
u#0.

Proof. From the remarks following Theorem 2, we see that Lemmas 8, 9,
11, 12 and Theorem 2 imply (7.23a). Similarly, Lemmas 8, 9, 10, 12 and
Theorem 2 imply (7.23Db).

COROLLARY. Let G be a square of side =. Let M be the Laplace operator. Let
Ax = Ay = h. Then
4

(7.25) p(FJH) =~ 1 — 3 Ih%

Proof. In this case A is the smallest eigenvalue of

Au+[gA]u=0.

And, as is well known, if [3A/2] is denoted by A,, then
Al = 2.
COROLLARY. Let G be a square of side =. Let M be the Laplace operator. Then

Ry 1 42
p(7J) =1 3h.
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In addition to the horizontal multi-line methods for these reduced equa-
tions, one may also consider the multi-line iterative methods which arise
when we take blocks of I-lines in the oblique directions ¢ = constant or
n = constant.

Using arguments similar to those used in Lemmas 10 and 11, we obtain
the following result.

THEOREM 8. Consider the l-line (¢ = constant) Jacobi iterative method, | = 1.
Let p(RJ'™; £) designate the dominant eigenvalue of the method. Then

p(BJ™; £) =~ 1 — lag(axay), 121,

where A, is the smallest eigenvalue of
1/1 .
Mu+§(;a+rc)iAu=0 ingG,

u=0 ondG.
REMARK. Observe that in this case p(?J'; &) ~ p(%JL; 0).

COROLLARY. In the special case when M is the Laplace operator, G is a
square of side = and Ax = Ay = h we have

o(BJE g) ~1 — 2% 11,

These results have been obtained without interpreting the operator %,°
as an operator which arises in a natural way from an operator M, and a
“boundary”’ operator L2. However, if G is a convex domain, this can be done
also. We will illustrate this remark with the case described above.

Let G be the square of side =, 0 < x,y < . Let M be the Laplace opera-
tor. Let

(7.26) A%, = Ay, =h,=x/(n+1).
Let
(7.27) G,(h; E, B) = {(mh,, jh,);m+j=0(mod2), — 1 =m,j <n+2}.
Set
Gu(h; E, B) = {(x,y;) € Gu(h; E,B); 1 =m,j < n},
(7.28) 3Gy(h; E, B,0) = { (xm,¥}) € Ga(h; E, B); m - j =0},
3G, (h; E, B,1) = G.(h; E, B) — { G.(h; E, B) + 3G.(h; E, B,0) },
dG,(h; E, B) = 8G,(h; E, B,0) + 0G,(h; E, B, 1).
We let I, be the usual 5-point approximation to M (see (7.2)) and define
(7.29) M, =2+ Ax, Ay, 13
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The boundary operator .%° is defined as the identity on
G.(h; E, B) + 3G,(h; E, B, 0).

The definition of Z,° on d,(h; E, B,1) is a bit complicated to describe, but
simple enough. Let

(7.30) 8uh; E,B,1) — Sy + S+ S5+ Su + K,
where
Si={xmy);1=jsn;m=—1},
(7.308) 2= {(xmy); 15 m Snij= — 1),
Sy={(xmy);1=j<n;m=n+2}
Si={(xmy);1=m=n;j=n+2}.

The operator %, is taken as the identity over K. We will describe -#,° over
S, and assume that the reader can make the similar definition over S,, S5 and
S, Let 1 <j < n; then
(7.30b) (& ul) _1,j = Uojp1 1 Ugj—1 — Uy
As usual, we set

LUE,B) ={fE H,(E,B); £°f=00ndG,(h; E, B) |.

A simple computation verifies that ., ° is the operator mapping & (E, B)
into &Z(E, B) and

(7.31) (v mj= (M V] m; if (xm,¥;) € Gu(h; E, B).

It will be instructive to consider another operator related to %,°. Let
G.(h; E, B) be the set of black points in the plane which have neighbors in
G.(h; B). Clearly, G,(h; E, B) is a mesh region in the (¢,7) coordinate sys-
em. We define the interior of G,(h; E, B) by

(7.32) G.(h; E, B) = G,(h; B).

Let the coefficients a(x, y), c¢(x, y) be defined over an open set 2 D G so that
the operator I, defined in §5 is well defined over G,(h; E, B). Let

(7.33) My =2+ Ax, Ay L DMy,
where D is the diagonal operator defined on G,(h; E, B) by

(7.33a) (ﬁ[v])m = ['l_ @m-1/2j + my1s2)) +TCmj—12+ Cm.j+1/z)] Unm,je

Let L be the identity over G,(h; E, B). Let _#. be the operator defined
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on &, (E,B) by

M u]= #,[u] inG.h;E,B),

(7.33b)
=0 ondG,(h;E,B).

One may easily show that _#, is a consistent approximation to 2M° and
Lemmas 8, 9, 10, 11, 12 all hold. Thus, if ¢,(*J) and ¢,(%J*) denote the
dominant eigenvalues of the point and l-line (horizontal) Jacobi iterative
methods applied to the matrix associated with — Ax, Ay, 4, then

o'n(RJ) =~ pn(RJ) + O(Aanyn)’

(7.34)
Un(RJIL) = Pn( RJ[L) + O(Axn Ayn)’ l 2 2.

8. Concluding remarks. In general, one cannot determine the exact value of
the quantity A which appears in our estimates. Nevertheless, in the case of
Dirichlet boundary data, one can make comparisons by considering the
variational characterization of A given in Lemma 4. Moreover, one can esti-
mate A from above and below by considering inscribed and circumscribed
rectangles and the quantities

Quax = Méax Qx,y),

8.1)
Quin = MGin Qx,y).

In those cases where the splitting A, = T, — N, satisfies block property A,
a good estimate for the p associated with the Jacobi iterative method enables
one to obtain good estimates for the optimal value of w. Using such a “good”
value for w can result in very great savings (see [12]).

Theorems 1 and 3 can be very valuable in more general situations. For
example, Theorem 1 remains valid when the sequence G,(h) converges to G
in a somewhat weaker sense. To be exact, since the ‘““test” function & used
in the proof of Theorem 1 has compact support = C G, one need not require
condition (e). Moreover, in some cases an estimate of the form (4.11) is suf-
ficient for one’s needs. For example, in the so-called “model” problem, the
Laplace operator in a rectangle, one may obtain the exact formula for Az(1)
(see §5) by elementary means. And, as we have commented in [9], the
formulas for Ag(k) lead one to conclude that k = 1 is probably the optimal
choice. However, this conclusion follows from the estimates (4.11) and the
exact value for Ag(1). In many cases, ‘“upper bounds” for p, may be obtained
by other methods. In such cases, the lower bounds provided by Theorems 1
and 3 may complete the picture without further efforts. For example, in the
model problem studied by Hageman [ 5] for the cyclically reduced equations
he found
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(8.2) p(BJ%) <1 — th + o(hY.

Thus, the estimate (4.11) applied to this case gives the correct asympto-
tic formula (see §7, (7.25)).

Finally, we comment on the significance of the formulas (7.34). This
result, together with the characterization of A shows that the first term in
the asymptotic expansion for p is a geometric term and essentially insensi-
tive to the treatment of the boundary values. Indeed, one can prove that

an(RJ) > Pn(RJ)y
an(RJlL) > pn(RJlL), l g 2:

for all n!. Nevertheless, the first terms in the asymptotic expansions are
identical.
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